BC Calculus
Path to 3 Five Problems

# Topic Completed
1 | “U”-Substitution Rule
2 | Integration by Parts
3 | Partial Fractions
4 | Improper Integrals
5 | Arc Length
6 | Euler's Method
7 | Logistic Growth
8 | Vectors & Parametrics
9 | Polar Graphing Basics
10 | Slopes of Polar Curves
11 | Area of Polar Regions
12 | Polar Graphs and Motion
13 | Power Series
14 | Taylor Polynomials
15 | Taylor Series
16 | Algebraic Manipulation of Series
17 | Qalculus Manipulation of Series
18 | Geometric Series
19 | nth Term Test
20 | Alternating Series Test
21 | Integral Test
22 | p-Series Test
23 | Ratio Test
24 | Direct Comparison Test
25 | Limit Comparison Test
26 | Radius and Interval of Convergence
27 | Alternating Series Remainder
28 | Lagrange Error Bound




PTFs #BC O1 — “U-Substitution” Rule

1. Let u= inner function.

2. Find du, then solve for dx.

3. Substitute u & du into the integrand (it should now fit one of the integration rules).
4. Integrate.

5. Substitute the inner function back for u.

1. Integrate j [9(.1:2 +3x+ 5)3 (2x+ 3)] dx
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. Choose "u" by using LIPET as a guide.

. Differentiate u to find du.

PTFs #BC O2 - Integration by Parts

. May need to repeat the process if the new integral is still not possible.
. If uis a 2™ degree polynomial or higher, use the tabular method to solve.

1
2
3. Integrate dv to find v.
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PTFs #BC O3 — Partial Fractions

Use partial fractions when the numerator of the rational function is NOT a multiple of
the derivative of the denominator.

6. Factor the denominator.

7. Decompose the fraction.

8. Integrate.

*The fraction has to be bottom heavy, if not, use long division to find the remainder.
Integrate the quotient as usual and then use partial fractions on the remainder.
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PTFs #BC O4 - Improper Integrals

> {7 f(x)dr:li_ﬂja ()

> [ f(ds= lim J' " v

> | feyde= lim I " o + lim I " o

o =

> If f(x) has a discontinuity at a, then I " e = lim I " s
a a b

> If f(x) has a discontinuity at a, then I f ey = lim I " )
P! +a" J g

» If f(x) has a discontinuity at a, which is between the interval, then break up
the interval into two intervals and evaluate using limits.

Evaluate each integral. 3 J‘ J P
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PTFs #BC O5 ~ Arc Length

Let the function given by f(x) represent a smooth curve on the interval [a,5].

The arc length of f betweenaand b is:

s=] (,/1+[f @] )dt

1. Set up an integral to represent the
length of y=x’ on [0, 5]. Use your
calculator to find the length of the
curve.,

LT ooy o

=199.020

2. Set up an integral to represent the
length of the graph of y =-;-(e" +e“)

on [0, 3]. Find the length without a
calculator.

‘ (g\l r o ) dx

3. The length of the curve y=In(secx)

from x=0 to x=b may be
represented by which of the following

integrals? ok \

an
I: sec xdx -

(b) j: sec’ xdx

(¢) j-: (\)l-l-s.ec2 xtan® x)dx
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4, Using your calculator, find the length
of the curve y=x"* from (1,1) to (4,8).
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. Start at the given point on the graph.

PTFs #BC 06 - Euler's Method

. Caleulate the slope at this point by using the differential equation.

. Add Ax to x and Ay to y to get a new point.

1

2

3. For a given value of Ax, calculate the value of Ay, using the equation Ay =Z—ym.
h o

4

5

. Repeat the process until you reach your desired x value.

dy —x '
1, For =—=—, use Euler's Method
dx 2y

starting at f(0)=3 with three steps
to approximate f(1.5).

$0)=3
fo9)= 3+ (3%)(0.9)
3
= -0.5
fy= 34 (.:\03)(0_5)
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2. Let szo—?ﬂ. If (1, 1) is on the
dx  siny

graph of y, what is the value of y

when x=1.02 using Euler's method?
Let Ax=0.01.

a. 0.977

0.989

c. 0.984
d. 0.994
e. 1.005
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PTFs #BC O7 — Logistic Growth

P

If y is a differentiable function of ¢ such that — 3= kP(L-P), then
[4

_ L
1+ Ce™t
limP(t)=L

I=pw

dP

Y

(L is the carrying capacity.)

» 2 s at its maximum (the rate of growth is increasing the fastest) when the

dt

function reaches half its carrying capacity, -Iz—' (this is also the point of inflection

on P(f))

1. The population, P of a species
satisfies the logistic differential

equation aF _ P(Z-—P—) , Where
dt 5000

P(0)=3000and ¢ is the time in years.

What is lim P(1)?

|- ¢ (10000 -9)

dt 5000 /\\

L
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2. A rumor spreads at the rate

f:f =2P(1- P) where P is the portion

of the population that has heard the
rumor at time . What portion of the
population has heard the rumor when it
is spreading the fastest?
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PTFs #BC 08 ~ Vectors & Parametrics

Position Vector: r(f) ={x(t), (1))
Velocity Vector: v(r)=(x'(r),»'(t)}
Acceleration Vector: a(t)=(x"(1),y"(#))

Speed (magnitude of velocity vector): speed= J(.wc'(t))3 +( y'(r))2

Total distance traveled {arc length): distance =

& _y0
dx  x'(¢)

alz] [2]
Second derivative: 42 - dtldx]_Ldx]
d x'(r)

¥ x'(f)

Slope of the curve:

The position of a particle is given by

x=sint and y=cos(2¢) on the interval 2.

[0, 2:1'].
a. Find the velocity vector,

{eosk ,-asnl2B)7

b. For what values of ¢ is the
particle at rest?

0:(03%  -asia(@f)=0
S sin(ay) =0
- PRV VARG )
woEr 2
L

c. Write the ?écfangular‘ equation
of the path of the particle in x
and y only,

=sink 'S costL St
X EAY (\IJC

COStL + Stk = |
OSHL ~Siort) Yasin £ = |

+ =0
% Ur —ay\l

yelay

I ,](x'(t))2 +(»' () dt

The velocity of a roller coaster at time
t seconds can be modeled
parametrically by x'(t)=10+4cos¢ and
y'(©)=(20-1)sint+cost—1 for 0<r<10
seconds. At time :=0 the
roliercoaster is 1 meter high.

a. Find the time ¢ at which the

car is at its max height.

0- (20-£)Sint +(ost )

c= 300 35 = A
0.28 318393 =8
4.3 2= C

14 5. v (tidt

24.830 &

| t=2 074
22.3537 s¢Cconal S
b. Find the speed, in m/sec, of the

car at this time.
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PTFs #BC 09 ~ Polar Graphing Basics

Polar-Rectangular Conversion Formulas:

x=rcosf r=xt+y
y=rsinf tand =2
X
1. Graph the point P(2,2) on a coordinate 3. Show that the polar equation
plane. Convert P to a polar coordinate P2 = v can be written in

cos’ @ -sin* @

and graph the polar coordinate ona _
rectangular form as the equation

different set of axes.

tomd= 5= T
T o-F R2eos* - @7 En*0 =
FA 2- -
- T R Gal i
a2 f 2
- 2 z - -.:5 =
AT x
7+
(213, %)
2. Convert r=9sin8 to a rectangular
equation.
S ) 4. A curve drawn in the xy—plane is
R-* qIQ S : described by the equation in polar
9 coordinates r =6 +sin(26) for
. 0<@<xz. Find the angle 8 that
>+ 5" 22 corresponds to the point on the curve

ith x- coordinate -2
. N a wi )
YSaay 4
Xt ey YT -
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PTFs #BC 10 ~ Slopes of Polar Curves

The slope of a polar' curve is still the slope of the tangent line:

& 4
d_46 _ cIB [rsmG]

de - dx [0059]
dg8 do

Horizontal tangents when % =0.

Vertical tangents when % =0,

No conclusion if both %= ¢ and iy,
dg de
1. Find the points where the horizontal 2. Consider the polar curve r =2sin(36)
and vertical tangent lines occur for for 0<@<x. Find the slope of the
r=sing for 0<@<x. ) 7
curve at the point where 9 =7
e B ¥ 5200 (10 0S (36))
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The area of a polar region is:
T
4= l'[ rde

2

-

1. Find the area inside the curve of
r=3cos(39) for 0<H<x.

one petal:
> 1 1% (usi))

[ Ao (3o)do
Q)b 110840 yq
e+ 5w} | e
erO)—- 0 J,o)= 1y

AL DETALS ¢ 3(F)E x5,

2. The area of the r'e'glon bog,dec/:l by the
polar graph of »=+/3+cos@ is given by
the integral:

JJ (V3+c0s8)ds

S (W) dej V3+cosd)do

P 3t (0S6 d@c ZI (3+cos8)de

@ J‘ 3+cost9 dé

e. 2I (J3+cos€)d9

PTFs #BC 11 — Area of Polar Regions

3. Find the area of the region that is
inside r =4—4cosd and outside of

r==0,
B, - 4058 = G
c0§6‘-’f;1{
. auw
6= 3

‘W 2
@%&N (4B - () 0{6]
2

51 lo ~3) (056 4 160S"E) ~30 dB
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S o 3t %0830 ~320080 ~20 do
3

S;‘“ 90528 -32056 1 &b

3
A5,0(10) - 32508 ~ 10 \;;31;

(0-0- aw) - (43 - i3 "aﬂén)

\303 — 4T



PTFs #BC 12 - Polar Graphs and Motion

Variable and its direction of movement:

R = radius Z—: measures movement going toward/away from the origin

X = horizontal distance %:— measures movement going toward/away from y-axis

. . ) . .
Y = vertical distance % measures movement going toward/away from x-axis

***You must check both the location and the direction of movement!***

Problems work just like vectors, just with trig functions. All vector formulas apply.

A particle moves along the polar curve c¢) Find the position vector in terms of
r=4-2siné so that at time ¢ seconds, t. Find the velocity vector at time
6=+, (Calc.) t=15.
»
a) Find the time ¢ in the interval {pCosO | @5\08 =
1<¢<2 for which the x-coordinate < (4 —ASI0L2)(0sk | (& -agxﬂe‘kmt /

of the particle’s position is -1,

7

1= (F-ASing ) (056 ) 00)
-1 = (% - 2SIk ) (0%
E-1.43% VL) 4701 —1. 0137

b) Is the particle moving towards or
away from the y-axis at the time
found in part (a)? Show the
analysis that leads to your answer.,

2= 4 -asia(1.428)
==0.1%9
g—% = -20S (1LY
= 0.90%
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PTFs #BC 13 — Power Series

A Power Series can be used to represent a function, but only on a specified domain or
interval. It involves a variable, normally x, instead of just constants.

> A Power series centered at x=0 is of the form Zahx" =dy+ax+ax +... .

n=}

> A Power series centered at x=c is of the form

> a,(x=c) =ay+a(x=c)+a(x=c) +....
n=|

Find the first four non-zero terms and

centered at x=1

the general terms of the series. 4+42x
i - \
1. - centered at x=0 b | _ m
pa -\ -3
0 ralh
7 (%) v
Nn=0 0
" n
VLTS CE T I US> IR N CE D W e )
n=0

9. N3
. “g:U\“W";T(V‘) (X))

4 ... % (’“‘g}“()\—\)“

2
2. ot cenfered at x=0
X—-

:-a.

1K




PTFs #BC 14 - Taylor Polynomials

The Taylor Polynomial of order n for f centered at x=c is given by:
" 5 ‘_ )
B0= @+ @3-+ LD x4t LD ey
The Maclaurin Polynomial of order n for f centered at x=0 is given by:

f”(O) RNV ALCW
T

L) =10+ /' Ox+—F—

To construct a Taylor polynomial or series:
I. Evaluate f(x) and it's first n derivatives at x=c.
2. Plug into one of the formulas above to write the series/polynomial,
3. If it is a series, make sure fo include the ... and to write the general term.

@

1. Find the first four terms of the 3. Find the fourth-degree Taylor
polynomial for f(x)=In(x) about x=1
and use it to approximate the value of
x=2, In(1.1}.

{
FON = 7\_\ F& = | FOO= V0N f'N=o0
ORI S A R

OO e D T

POOspgye FETE L e (0= g2

Taylor polynomial for f (:c):Ll about
e

¥ (7\) (y\"l)l' ‘\:‘(3-35 =

()= -

W
¥ (R = (r— IY-‘-

B o+ I(Xx—\) +
030\3= | — (*-3) +§<(X"7—)1‘%(:<—&)3 On (1) - 2 x>+ 2

0,0 5)= =4 0453

2. Let f bea functionand f(2)=-3,
f1(2=5, £"(2)=3 and f""(2)=-8. - —;‘_—._ (X~ \)
Write a third degree Taylor polynomial
for f about x=2 and use it to = (4=

approximate f(1.5).

0,(1:\) - 0.09%

00+ 34 5= 2 (Y - & x-ay

FUI(R) =~ g T
%
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PTFs #BC 15 — Taylor Series

The Taylor Series generated by f at x=c is defined by:
f@+f'(e)(x- c)+f ( )('c c ani( )(t ~c)’

The Maclaurin Series generated by f at x=c is defined by:
" {(n)
f(0)+f (0)\'+f ( )t2+ _Zf (0)

n!

(*This is JUS'I' a Taylor series that is centered at x=0})

To construct a Taylor polynomial or series:
4. Evaluate f(x) and it's first n derivatives at x=c.

5. Plug into one of the formulas above to write the series/polynomial.

6. If it is a series, make sure to include the .

1. The Taylor series about x=5 fora
certain function /' converges to f(x)
for all x in the interval of convergence
of f,and f(5)=0. The nth
derivative of f at x=5 is given by

(n)( )_ ( l)
2" (n+ )
four terms and the general term for
the Taylor series about x=35.

Write the first

H9)=0

J"() L'\U | -1

- e9) T Y - 2 e

03

L) 25 he9)

(- k)“

G0 ne )

.. and to write the general term.

2. The Taylor series about x=0 for f
converges to f(x) forall x in the

interval of convergence. The nth
derivative of f at x=0 is given by

n+l
£ 0)= ———( )" (n+1) for n>2. The
5 (n— 1)
graph of f has a horizontal tangent —7 f'= 9
line at x=0, and f(0)=6. Write the

first four terms of the Maclaurin
series for f about x=0.

)=

£1(0:=0 - i
\\(0) .17 2 . =
' hror 7
w = (.'\)dr LP ___._—
% (03 D‘b(a)]. \9_{'9

wA0X — ™ 7_\* 1)5 5‘)(

2, doyd . .
un—ox“grgx ech
O ey . "
bn(_ﬂ__‘\JL
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Power series that you must know:
. x X o 5"
e =l+x+—+ =t —
2! n'

"' "xn-l
sinx= \T——'I'——. Z(
3t 5! (2n+l)'

cosx= 1--—! - z( (12);;1&

PTFs #BC 16 — Algebraic Manipulation of Series

b

1 a3 E:
—=ltx+x +x .= X
l-x

=l

You may manipulcn‘e. the series above to find new series (as long as you are centered at

x=0) by:

1. Substituting into a know series.

2. Multiplying/dividing by a constant and/or variable.
3. Adding/subtracting two known series.

1. Let f be the function given by
f(x)=6¢™* . Find the first four non-
zero terms and the general term for

O the Taylor series for f about x=0.
ez K
¢ a0 N}
X oy "
3 -3 3 5) X
a0 w!

"

S S ) Ay 7
e 3 5_‘0_(-_3_3_'\)‘

1}

2. Write a power series and the general
term for‘ sin(2x).

SOX = Z e MM
N (0H)!

sinan - 3 @

n=0 (’LV\'H

. A2 3
) ax+31\ a_l)k S

3. Find the first three non-zero terms
and the general term of the Taylor

] cos(_ 2)—l
polynomial for g(x)=——~—
X

ce.nfered at x=0,

"
COSK = z_ ! ﬂ)‘
Nn=0 (ZV\»
__.\Y'\ Xl-\—n
cos (X*) = L""""__T_
A% O ZV‘S
) '3 7\\?_
= \__L_ 4 AZ A
A o
ST L v o xT N
* 2\ L\’\c !
o0 AN
: DT A
n=\ (2™
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PTFs #BC 17 - Calculus Manipulation of Series

You may manipulate series to find new series (as long as you are centered at x=0) by:

1. Differentiating a known series.
2. Integrating a known series.

1. Let

P(x)=T7-3(x-4)+5(x=4) =2(x—4) +6(x-4)'

be the fourth-degree Taylor

polynomial for the function [ about 4.

Assume f has derivatives for all

orders of all real numbers.

a. Write the second degree Taylor

polynomial for f'(x) about 4 and
use it to approximate f'(4.3).

?&"3 0,000z 3410 (k=) (14
=10 0,U43)= -0 i+
ot

b. Write a fourth-degree Taylor
polynomial for g(x)= I f()de.
4

gUh- | :ﬂadm
NOERCR

g" () £(h)=-3

g (0 £ =10
gL 1D

P4 = 04 T(-D S0
(- — S

J‘ f(Xdx. =

2. The Maclaurin series for the function

S is given by

9", 4 80
f)= Z = S

its mfer'val of convergence. Find the
first four terms and the general term
for the Maclaurin series for f (x).

N=0 O

on

i a(?.x)

= A ARE QRIS

. For f(x)= Z( I)MI( _5)

n=|

a. Find the power series for f'(x).
m =
poos S e ooy
n=\ y( 5
n—\
: g O S
5"\
b. Find the power' series for
"o -5Y"
At nnrOH"




PTFs #BC 18 — Geometric Seties

» Geometric Series: a+ar+ar’ +ar* +..= z ar"!

n=|

o A geometric series with common ration, r will:

= Converge if |]<1 (Sum: § =li
==r

» Diverge if |r}>1

For #1-3, determine if each sum diverges
or converges. If it converges, find the
sum.

Find the sum.
ny s (B)
DY O IR
i=n Q - _3—
n \ n
(A) g_(% (3
< A
V73
2 (%
GEB)
213

™ (3]

o %G)



PTFs #BC 19 ~ nth Term Test

» If lima, =0, then the series Za diverges.

H=du)

» This test is a test for dwergence. only! It can never be used to prove

convergence.

Determine if each series diverges or if
the nth term test is inconclusive.

L)
won a0t
N3 209

=40
dNQE %S

— 32

n=

Win ai_j?\-:l —#O
N0 3“

i\ @ @%93

3. i(cos[g)) CDS% ‘ :H
TQQO(Y\Q‘\@C
|e} <\
Conveea e

4 Z( n+3 )
n=9n-10

i 013 iy
N0 p>+-%a-10

{NEONAAUSY
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PTFs #BC 20 - Alternating Series Test

A series of the form Z(—I)" a, or Z(—l)"+l a, is an alternating series whose terms

n=1 n=l

alternate pos/neg or neg/pos and where a, >0. The series will converge if both conditions

are meft:

> lima, =0 (the limit of the terms is going o zero)

> la,.|<|a,| (the terms are decreasing in magnitude)

Determine if each series converge or
diverge.

1 Z(-l)"” 2]

win - =0 v
nd0a N
nn V!

Q Y\((\i‘[

o<\ Vv

(onveeses
2. Z(—])"“(":fJ

\\m aﬂ = 4 X
o o0 4'(\"3) o

obive o 2 \
L

3. Which of the following series

converge? (You may use any of the
tests to decide.)

i m L =70
X Zn+2 ~IIw‘(\%()O nT L
= e A9,
V1L Z@%ﬂlﬁmﬁmn\g
=1

%‘ ;',1: d'AV\Q’! 25% e ooy

(A) None @\ II (C) III

?y{) T and IT (K) T and IIT



PTFs #BC 21 ~ Integral Test

If f is continuous, positive and decreasing for x>1and g, = f(x) then Z“" and

=1

I ’ f(x)dx either both converge or both diverge.

2. State that the function a, = f(x) is continuous and positive and then use f'(x) to
show that the function is decreasing.

3. Evaluate Jm f(x)dx.

» If I f(x)dx diverges, then Za diverges as well.

a=l

Ty

rd

If J f{x)dx converges, then Za converges as well.

ar=|

4, The sum, §, can be approximated by finding the nth partial sum, S, and then

finding the remainder, R,. S=S,+R, where 0<R, sj ) f(x)dx.

Determine if the following series
converge or diverge.

1 E ne"
n=l

oo uws v

3. Let f be a positive, continuous,
decreasing function such that

0B e v a,=f(). If Z“" converges to &,
\ - —Xl _ - A n=1
00 Y‘e 20+ e which of the following must be true?
A EE T
Ao for A >0 (A) lima, =k
v ~ 1% P L I
i VY o N .
U—EMY\ Ke ak \0'3"90( al )'l (8) lj"(x)ci‘tz*k
T o (Y A N -
oo L 2o a€> Ae .
> Co AVeRSSLS ©) 1 f(x)dx diverges
S i nlnn
ahaAuwous N2 v N [
;?yfsvh\lg NZ 2 @ ], S{x)dx converges
rewd = BOXOY = V(R + _
AU AN (B) | f(x)de=k
o]
= = {1+ 10D dli.
AL S LR S IR
7
\220@ L_ YUTAY ny % = \\m(\n(\nx)\ b)

= PQ d\vea%ﬁ



PTFs #BC 22 — p-Series Test

A series of the form le =lip+-2-l-;+3%+... is a p-Series, where pis a positive
n=l e

constant.
» The series converges if p>1.

> The series diverges if p<I.

(Remember the graph of f(x) =1 and how it diverged because it was "too far away
X

from the x- and y-axis." If the exponent is 1 or smaller, it will pull the graph
further away and the series will not diverge. If the exponent is greater than 1, the
terms are smaller and the graph is much closer to the axes; these series converge.)

Determine if each series converge or
diverge.

=l

12(?) 3ZL:D§0,_I_%

—d =) '8}
Conveege
-5 €S o >
e P Uive
p-seeqes P = |
5
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n=1

diVQQ%Q
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PTFs #BC 23 — Ratio Test

Ratio test is useful for series that converge rapidly such as exponential functions and

factorials.
~ 0 . . [4)
» A series converges if lim[—*{<1.
A=t an
5 . f 5 a
> A series diverges if lim|—%{>1 (or =x).
e 2 a"

> The ratio test is inconclusive if lim e

I =T a
A

=1.

*This test is essentially finding the ratio of two adjacent terms. It is similar to finding

the ratio of a geometric series and so has the same convergence/divergence

specifications.

Determine if tThe following series
converge or diverge.

o 3"
1. - itk n
Z(HZJ 2. EN

n=l

\ pA
Hon \_Z,f:__ JRESLARES I N '
NI ar)t 37 XA \__@__..._ . ——7—‘
302 N0 L{H’\)\. 2
hm ,.___...-Sl 2 P a
= T\ 1X44 = s
N0 {n e 0 <\




PTFs #BC 24 — Direct Comparison Test

Direct comparison test is useful to compare series that are similar to known convergent or

divergent series.
5. Choose an appropriate "parent", b

¢ Yas

6. Determine whether the “parent”, b

L m

series (usually a geometric or p-series).
series converges or diverges.

7. Show that your series fits one of the two statements hold true:

» If 0<a,<b, and Zb converges, then Za converges. (Less thana

n=|

convergent series converges )

T,

divergent series dlver'ges.)

Determine if the following series

converge or diverge. OL?’Q’
: Z[ ) o8 %
n+1 - Y\?'
N ~coeA es
- .__'_.:; P'? )
w2y n= Cun\l&?‘?;L
2, =)
N2 <N+
g4\ v
w0

. Y
2. 2" = 9 oA
)
Coﬂ\paaga : Mo
Zﬁ{“=”§(é)
AL oave
a g !
n! N K _a
oz oL
At < & Corx\lﬂl%g‘S
n < (-\\.
< (0!

» If 0<b,<a, and Zb diverges, then Za diverges. (Greater thana

n=d

Q“WWl
@ 1 (_OW“" 0 -
> ;3”4-2 n=0 3” f\z (3)
0 Mmakeic.
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I \ conN
3" 37
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PTFs #BC 25 — Limit Comparison Test

This test compares “messy” algebraic series in question, a, , with a known similar
convergent or divergent series, b, , by taking the quotient of the two series.
8. Choose an appropriate "parent”, b, , series (usually a geometric or p-series).

9. Determine whether the "parent”, b, , series converges or diverges.

10. Set up lim 2= and evaluate to find the limit, L.

1 =han b

11. Show that your limit L, fits one of the three statements below:

» If L is finite and positive, then Zb" and Z“” both converge or both
n=1

n=]

diverge.

» If L=0and b_converges, then a,  converges.
" g a g
n=l

n=l

» If L= and b diverges, then a_ diverges.
: g . 9

n=l n=)

Determine if the following series
converge or diverge.
: 1 aee o ¥
L3 (o) co0? . o
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PTFs #BC 26 ~

Radius and Interval of Convergence

We call R the radius of convergence, which is how far away from the center the series
will converge. The convergence of a power series has one of three possibilities:

1. The series converges only at x=c so

R=0.

2. The series converges for all values of x so R=w.
3. There exists an R>0 such that the series converges for |x—c|/<R and diverges

for |x—c|>R.

To find the radius and interval of convergence:
7. Use the Geometric Series or the Ratio test to set up an absolute value inequality.
8. Solve the absolute value inequality - this will give you your radius of convergence.
9. Test the endpoints to determine convergence and write your interval of

convergence,
Find the radius and interval of
convergence for the following series.
()" (x-2) 3
L YT 20
v Nl
@ v )(x—&)“” nd o \X , N
07040 )™ (X"&)ﬂ N23RK I+ X“
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PTFs #BC 27 — Alternating Series Remainder

If an alternating series converges, then the sum of the series, S can be approximated by
finding the nth partial sum, S,. The partial sum is within R, , the remainder, of the actual

sum. R, is less than or equal to the first neglected term.

|Ru| =|S_Sr|| £ arﬂ—l
rr+l
1. For the series Z( ( ) find the 3. Determine the number of terms
required to approximate the sum of
error in using ‘rhe first 100 terms to =1y 1
estimate the sum. the convergent series =
9 Z 41 ,j;

with an error of less Than 0.001.

R o S \O-'\DI
= 4 \

9\(\?\ ( ﬂ‘\'\)‘-
0 H-

< 0.00)

2. Estimate the amount of error involved

in the approximation of f(-1) for the
. S x"n"
first three terms of f(x)= Z Tl

n=l

SN A
g3 2N

4t
&'\‘ 1—\-‘, 5":-.\0
- b+ %2
'—\%‘0 7_1-\-3

R34 <
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PTFs #BC 28 ~ Lagrange Error Bound

A function f(x) is approximated by the sum of a Taylor polynomial 2(x) and some
remainder R, (x), given by f(x)=P.(x)+R (x).
Therefore the error bound associated with the remainder is defined as:

f ) (z) (.t_ c)(lﬂ'l)
{n+1)!
max value of the derivative on the specified interval.

» Remember, it is just the first term left of f with the max value of the
derivative used.

> If the max derivative is given, use it!
> If not, find the next derivative and look for max spot to evaluate.

Error = |R,(x)]| =|/(x)- P,(x)| with

R(%)|< where f*)(z) is the

1. Let f be the function given by 2. Let f be a function that has
g(.t):sin(Sx+ n ) and let P(x) be the derivatives of all orders for (2.5,3.5).
- 4 . Assume that f(3)=1, f'(3)=-3,

‘I‘hlrd-degr'ee Tﬂy‘or' p0|yn0m|0| fOl" f fn(3) =12, and Ifln(x)l <136 fOf' all x in
about x=0. Use the Lagrange error (2.5,3.9)

bound to show that .

1 1 1
I f(ﬁ)—P(E) et a. Find the second-order Taylor

polynomial about x=3 for f(x).

R, < 0, (W)= 1=-2(x-2)

&)

= R107 x10°

b. Estimate f(2.7) using part (a).

e, (aA)= 1-3(a7-2)
= 1—3(‘0\3)
=1.9

¢.  What is the max possible error
in estimating part (b)?

R, £ | L% (a7 5y

= 1.bZ
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