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111. Precalculus Review Topics

The topics presentéd here are important as they are used all
the time in calculus. If you find that you are frequently
confused by these topics, take some time to review them.
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Eliminating Complex Fractions

Calculus frequently uses complex fractions, which are fractions within fractions. Answers are never left with
complex fractions and they must be eliminated. There are two methods to eliminate complex fractions:

. ¢ . . . d_ad
When the problem is in the form of i , we can “flip the denominator” and write it as —g—-— = %—-.

] ¢ bc

However, this does not work when the numerator and denominator are not single fractions. The best way is to
eliminate the complex fractions in all cases is to find the LCD (lowest common denominator) of all the fractions
in the complex fraction. Multiply all terms by this LCD and you are left with a fraction that is magically no
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Eliminating Complex Fractions - Assignment

p \} * Eliminate the complex fractions.
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28. Find the discontinuities of. f(x) = PYPy—
29, Find the discontinuities of f(x)= ——1——
1-2cosx
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30.

Find the values of x at which f(x)=— 5 is not continuous and determine if they are removable

discontinuities at those points.
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31, What value of & will make g(x)continuous? g(x) = { x+5 . '
k, x= -5,

32

For the function / graphed in
the accompanying figure, find
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Use the unit circle above to find the exact value of each of the following. (Exact value means no decimal -~
approximations.) %43[,{ must be aple 0 dodlise tn \jou 1 ’\Qa.ﬁ (_)Oi ‘H/LOLLJ?' r<- (/(édj'l 3‘
uni t cicle. :
1z

A) tanT= B) cos—sugl= ‘ C) cos(-7}=

D) sin[—%).—. E) tan[_@i]: F) 0507_3”_:

G) sec[liﬂj= ' H) COS(—I—?')= , D sml—iz—:—_
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) csc(—zjz K) tan(-37)= L) cot%:

N) cot:—?= 0) cot207z =

i
M) sec(—-gj

Q) sin[—~¥] | R) cot0=

P) cos(*%j

S) sin(47)= T) oot = v) cos%rz

V) Find all angles 6 in the interval {0,27) that satisfy the expression:

V3

sing =— g=

W) Find all angles # in the interval [0,27) that satisfy the expression: . .
secd=-2 g = '

X) Find all angles @ in the interval [O, 27r) that satisfy the expression:
tand = -1 f=

Y) Find all angles @ in the interval [0,27) that satisfy the expression:
csc @ = undefined 0=

2) f-\” Lo “I’I’Lﬂ -CunC,Jr\c;\ng o (9) Wz} 'T{'J 3,#/2., 2T .




Exponential Functions and Logarithms

/AX Calculus spends a great deal of time on exponential functions in the form of 4*. Don’t expect that when you
start working with them in calculus, your teacher will review them. So learn them now! Students must know

that the definition of a logarithm is based on exponential equations. If y=5" then x =log, y . So when you are 1

trying to find the value of log, 32, state that log,32 =x and 2" =32 and therefore x = 3.

If the base of a log statement is not specified, it is defined to be 10. When we asked for log 100, we are solving
the equation: 10" =100 and x = 2. The function y = logx has domain (0,00} and range (—eo,¢0). In calculus,
we primarily use logs with base e, which are called natural logs (In). So finding In 5 is the same as solving the
equation e =35, Students should know that the value of e = 2.71828...

There are three rules that students must keep in mind that will simplify problems involving logs and natural
logs. These rules work with logs of any base including natural logs,

i. loga+logb=1log{a-b) i, loga—]ogb=log(%j iii. loga® =bloga .
1. Find a. log,8 b. Inv/e c. 10"
log,8=x Inve =x logd=x
4 =8=2"=2 e =e” 10" =450 10"** =4
v 3 p= 1 10 to a power and log are inverses
2 2 -
() d log2+log50 e. log, 192 —log,3 | £ Inde®
7- log{2-50)=1logl100 lo 192 3 3
0g(2:50) =log 873 Ine”” =Zlne==
2 5 5
log, 64 =3
2. Solve a. logg(xz-x+3)m% b. log36x+log36(x-1)=% ¢. Inx=In(x—-1)=1
I |
lo —1)==
8as *(x—1) 5 111[ x J:
X —x+3=9" x(x—-1)=36""=6 x—1
x(x-1)=0 ¥ ~x-6=0 Ll:e::’x:ex—e
: o
x=0,x=1 (x—3)(x+2)=0 e
Only x =3 is in the domain SR
d. 5): = 20 e e—Zx = 5 , f. 2x — 3x—1
log(5*)=1og20 ne? =1n5 log(2")= log(3x"1)'
xlog5 =1log20 _Ins| |xlog2=(x—1)log3
2x=lnS=x=
log20 In20 log3
x= orx = xlog2=xlog3—-log3= x=——"—
\ log5 In5 log3—-log2
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Exponential Functions and Logarithms - Assignment

(} 1. Find a. logzi b. log, 4
d. 5'o8s40 e. g™?
2 3 4
g. log, —+log,— h, tog, =—log, 12
332 13 e

@,

2, Solve a. log,(3x—8)=2 b. log,(x? = x+3) =% |
d. log, (x—1)+log,{x+3)=5 e. logs(x+3)—logsx=2
g. 3.‘(—2 - 18 h. eSxH — 10

f. log,,2+log,, 9+log,, 8

i. log, («/5 )5

¢ log(x—3)+log5=2

f, Inx®—lnx*= 1
2

i, 8% = 5%
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Natural Logarithms Worksheet
g R

Use a calculator to evaluate each expression to four decimal places.

Le5 = 29, o85S

3 Ing - &, 93]

202 = @,f?ﬁgg

41008 = - 14079

Write an equivalent exponential or logarithmic equation.

5-9‘7‘:3

L 3= %

7,1n 15 = x
e¥ =15

Evaluate each expression.

9,3 - 2

Llhe?s = « &S

Solve each equation.

15.2¢* - 1=11

B.et = S
Lo BX =Y

8, Inx = 0.6931
0 6221

e = X

C10.e2% = Z X

I2hey = 3
A
17.:?3”= 30 2l.In3x = 2
Sabh o= a2 o= 3
_ (2o | ER
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20, 1 — 2% = —19 28. Infxr — D=2 28.Inz+1n2x =2
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RADIOACTIVE DECAY The amount of a radioactive substance y that remains after ¢ years is given by the equation ¥ = aek', where
a is the Initial amount present and k Is the decay constant for the radioactive substance. If @ = 100, y = 50, and k = -0.035, find t.

= a.e“®
- -0,035 €

urTrE ju 0

A oo3sE |

2 - &
A _Q,ng’t(i”'@ i
\h’z.. et (
-0, 035

POPULATION In 2005, the world's poputation was about 6.5 billion. If the world's population contfnues to grow at a constant rate,

the future poputation P, in billions, can be predicted by P = 6.5¢"™  where tis the time In years since 2005.
a. According to this model, what will the world’s population be in 2015?

A00E = Dot < P c o 00t (0)
£ /e

T

b. Some experts have estimated that the world’s food supply can support a population of at most 18 billion. According to this
model, for how many more years will the food supply be able to support the trend in world population growth?

P ) g Lethive €= 6.5 e
L. 6.5
o 0vt i
/'y» g = o - A
.02 = (2§
5. 0 0.0%

jxxores]
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Graphical Solutions to Equations and Inequalities

You have a shiny new calculator. So when are we going to use it? So far, no mention has been made of it. Yet,
the calculator is a tool that is required in the AP calculus exam. For about 25% of the exam, a calculator is

. . . + M . —————
permitted. So it is vital you know how to use it.

There are several settings on the calculator you should make. First, so you don’t get into
rounding difficulties, it is suggested that you set your calculator to three decimal places.
That is a standard in AP calculus so it is best to get into the habit, To do so, press
and on the 2™ line, take it off FLOAT and change it to 3. And second, set your calculator to
radian mode from the MODE screen. There may be times you might want to work in

it 1 i i Siminipun
degrees but it is best to work in radians. o FHAVE A
: o8 intersect
6 dygsdy
PIECxodx

You must know how to graph functions. The best way to graph a function is to ‘inpﬁt the
function using the E key. Set your XMIN and XMAX using the WINDOW] key. Once you do that, you can
see the graph’s total behavior by pressing 0. To evaluate a function at a specific value of x, the easiest

way to do so is to press these keys: IVARS| | —> | [1:Function 1 |1:Y]] m and input your x-value.

Other than basic calculations, and taking trig functions of angles, there are three calculator features you need to
know: evaluating functions at values of x and finding zeros of functions, which we know is finding where the
function crosses the x-axis. The other is finding the point of intersection of two graphs. Both of these features
are found on the TI-84+ calculator in the CALC menu [TRACEH, They are 1:value, 2: zero, and 5: intersect.

Solving equations using the calculator is accomplished by setting the equation equal to zero, graphing the
function, and using the ZERO feature. To use it, press ITRACE EERO[ . You will be prompted to type ina
number to the left of the approximate zero, to the right of the approximate zero, and a guess (for which you can
press . You will then see the zero (the solution) on the screen.

« Solve these equations graphically.

1. 2x*-9x+3=0 2. 2cos2x~x=0 on [0,27) and find 2cos(2¢)—e.
[ viles '

T B2KE oS I :g:‘ézggﬁ(?ﬁ? % e -1.393
NV Wi=

“Wuys “Wy=

N SyE=

NVl Zery, :3;;

o= REABY Yeg 54437 =0

This equation can be solved with the quadratic formula. . . :

q q If this were the inequality 2cos2x—x >0,
++/81— ++/
g 9tv8l-24 9% 57 the answer would be [0,0.626).
4 4
3. Find the x-coordinate of the intersection of y=x" and y=2x-3
['You can use the intersection feature. | Or set them equal to each other: x* =2x-3 or x* -2x+3=0
vogx?uz Fioes $ogx?o%x?§3 hf

2 B2X-3 wis KA

sWi= Ny g

sy= V=

\353 \ESE [

N AT b -saowe wra= . B0 | feee




Graphical Solutions to Equations and Inequalities — Assignment

/ﬂ} * Solve these equations or inequalities graphically.

L. 3x°~x-5=0 2. ¥ ~5x"+4x-1=0

3. 2x*-1=2" 4. 21n($c+1)¥5603x on [0,27)
(7 5. x*-9x*-3x-15<0 6.}‘2;—::’_‘11i>0 on ]0,8]

7. xsinx® >0 on [0,3] 8. cos” x>x* on [-L1]
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Sigma Notation

Finding the sum of the first 5 terms of 1 +2 + 4 + ... is ambiguous. The sum differs depending on how we
interpret the numbers, 1+2+4+ 8+ 16 =31 is a logical way to interpret them with each number doubling.
But1+2+4+7+11=25is also logical with the difference between numbers being 1, 2, 3, and 4.

The problem with writing such addition problems with the ellipsis (...) is that the rule for each term is not
apparent. We use Sigma Notation for such problems using the Greek letter sigma 3. , which means sum.

n
The sum of n terms a, +a, +a, +...+a, is written za,. where [ is the index of summation and g, is the ith term
=]

of the sum. Sigma notation is a precise way to write a sum, but does not help to actually compute the sum.

B G 7 3
. .2 3
1. 2143 2, ZE 3, ;“’ 4. ;k
3+3+4+...+3=24 1+2+3+4+5+6=21 1+44+9+...+49=140 —8-14+0+14+8+27=27

n
Since Zai represents a summation of numbers, we can apply basic properties of addition and subtraction.

i=1

Zka,. = kza,. (you can factor out a k). Z(a,. +b)= 25:,. ilz b, (write one sum as 2 sums).
i=l o

par i=1 i=l i=1

6

7 7 9 9 9 : (—I)ii
Y si=8) i z(sz'—z):szz'—Zz N (1) ZTIT

i=1 i=1 i=1 i=l i=l
9
5 81+2+3+..+7)| 6.5(1+2+...49)~(2+2+..42)| 7.|1-7+17-31+49-71| 8. -%+-§-—%+...—-1—0~

Here are some useful formulas to add many terms.
Zk=k+k+...+k=kn Zi=1+2+...+n=n(n+l)
P i=1 2
iiz =124+2%+,. +n° = n(n+1)(2n+1) 2;‘3 =P+2°+.. 4+ =M
i=1 6 i=l 4
3 - 100(101) N C L, 30(31)(61)
9. 2i=1+2+3+...+100=T=5,050 10. Zi’ =12 4+22 437+, 04307 = —=——2=9,455
i=1 i=1 .
50 20
22,‘2_1=1+7+17+,,,+4999 | Zi3—i=0+6+24+...+7980
11.| = 12.| = i
2
2(50)(21)(101)_50(1‘)285’800 20 221) _20g21) _ 43,800




Sigma Notation — Assignment

For each problem, determine the sum of generating each term and calculate using the calculator.

1. i(si—z) 2. ilo - 3, i(k—- 1)’
i=l k=l

J=1

10 5 7

)

4. Y k-1 . F+1)(2i - 6. M 1=
kz 5 ;(H )(2i-3) > 52
] 25 5

s I YEIE | . Y [~ (i+1)"]

i=l i=1 =1 .

Use your formulas and calculators to calculate the values of the following.

10. ) 6i 11. 220‘1'2 v i(f’-l).
i=]

i=1

35

13. Y (i+4)’ 14, i(is—i) BT Y (#-#) |

i=l i=] i=]

16. ) (22 -8i+4) 17. 37 | 18. i(Ziz—i)
: i=25
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Inverses

No topic in math confuses students more than inverses. If a function is a rule that maps x to y, an inverse is a
rule that brings y back to the original x. If a point (x,y) is a point on a function £, then the point (y,x}is on the

inverse function f7'. Students mistakenly believe that since x™' = l, thenf~ = -jle- . This is decidedly incorrect.
X .

If a function is given in equation form, to find the inverse, replace all occurrences of x with y and all
occurrences of y with x. If possible, then solve for y. Using the “horizontal-line test” on the original function f

will quickly determine whether or not £~ is also a function. By definition, f ( ! (x)) = x. The domain of f'
is the range of f and the range of f is the domain of f.

. . 4x+ . o . .
1. Find the inverse to y = xS and show graphically that its inverse is a function,

x-1

4y+5:>xy-—x=4y+5=>y=ﬁ-5-
y-1 x—4

Inverse: x =

Note that the function is drawn in bold and the inverse as dashed. The
function and its inverse is symmetrical to the line y =x. The inverse is a
function for two reasons: a) it passes the vertical line text and b) the
function passes the horizontal line test.

2. Find the inverse to the following functions and show graphically that its inverse is a function.
a y=4x-3 b. y=x*+1 c. y=x"+4x+4
' - Inverse: x =y* +4y+4

Inverse: x =4y -3 Inverse: x= y* +1

+3 . L lx= +227=>i~/;= +2
y=>"" (function) y=tvx—1 {not a function) (y ) e
4 y=-2% Jx (not a function)
3. Find the inverse to the following functions and show that f ( f (x)) =x
a. f(x)=7x+4 b. f(x)z—m% c. f(x)=x"-1
P

1
Inverse: x=——=xy—x =1
y=-1

Inverse: x=Ty+4 _x+l

y=f"(x)=2" Inverse: x =y —1

y=f(x) =22 ; y= £ (x) =571

f(x—4]=7(1—4 f(x::l]:(%‘l-l](g] PR = (Y1) 1= x

]+4=x
7 7

X

_x+l~x_

4. Without finding the inverse, find the domain and range of the inverse to f(x)=+vx+2+3.

Function: Domain: [~2,00), Range: [3,0) Inverse: Domain: [3,m), Range: [—2,0)
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 Inmverses — Assignment

1. Find the inverse to the following functions and show graphically that its inverse is a function.

a 2x—-6y=1 b. y=ax+b c. y=9—x
9 2x+1

d. y=+1-% g, y=— f y=
Y Y 3 Y3 0k

2. Find the inverse to the following functions and show that f(f™(x))=x

| 4 X
a. f(x)=5x—g— b. f(x)=x*—-4 c. f(x)=x2+1
Nx+1
3. Without finding the inverse, find the domain and range of the inverse to f (x)= x_:—_ .

X




